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Abstract

Bimolecular reactions in the plasma membrane, such as receptor dimerization, are a key signaling step for many signaling systems. For
receptors to dimerize, they must first diffuse until a collision happens, upon which a dimerization reaction may occur. Therefore, study of the
dynamics of cell signaling on the membrane may require the use of a spatial modeling framework. Despite the availability of spatial simulation
methods, e.g., stochastic spatial Monte Carlo (MC) simulation and partial differential equation (PDE) based approaches, many biological models
invoke well-mixed assumptions without completely evaluating the importance of spatial organization. Whether one is to utilize a spatial or non-
spatial simulation framework is therefore an important decision. In order to evaluate the importance of spatial effects a priori, i.e., without
performing simulations, we have assessed the applicability of a dimensionless number, known as second Damköhler number (Da), defined here as
the ratio of time scales of collision and reaction, for 2-dimensional bimolecular reactions. Our study shows that dimerization reactions in the
plasma membrane with Da ∼N0.1 (tested in the receptor density range of 102–105/μm2) require spatial modeling. We also evaluated the effective
reaction rate constants of MC and simple deterministic PDEs. Our simulations show that the effective reaction rate constant decreases with time
due to time dependent changes in the spatial distribution of receptors. As a result, the effective reaction rate constant of simple PDEs can differ
from that of MC by up to two orders of magnitude. Furthermore, we show that the fluctuations in the number of copies of signaling proteins
(noise) may also depend on the diffusion properties of the system. Finally, we used the spatial MC model to explore the effect of plasma
membrane heterogeneities, such as receptor localization and reduced diffusivity, on the dimerization rate. Interestingly, our simulations show that
localization of epidermal growth factor receptor (EGFR) can cause the diffusion limited dimerization rate to be up to two orders of magnitude
higher at higher average receptor densities reported for cancer cells, as compared to a normal cell.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Extracellular signaling molecules, or ligands, bind to
receptors that are either on the cell surface or within the cell.
When the ligand binds a plasma membrane receptor, a signaling
network is activated that relays the signal from the extracellular
environment to the nucleus where the cell typically responds by
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a change in transcription rates. In order to tranduce the signal,
the ligand bound receptors interact with a number of other
proteins and lipids. For example, activation of the ErbB
signaling networks leads to receptor hetero- and homodimer-
ization and clustering; and the subsequent recruitment of other
proteins, i.e., Shc, Grb2, Sos, Ras. Therefore, understanding
dynamics of protein–protein interaction reactions, or bimolec-
ular reactions, of the plasma membrane receptors along with its
implications on signaling are of great importance for a wide
variety of signaling pathways.

There has been a significant interest in developing predictive
models to understand protein–protein interactions of signaling
networks; see reviews [1–9], and most of the previous models
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are ordinary differential equation (ODE) models. ODE models
rely on two key assumptions: (1) the system is well-mixed
(spatially homogeneous, a situation also termed as global mean-
field in statistical mechanics) and (2) the system is deterministic,
i.e., given an initial condition, the transient evolution of the
system is precisely determined [10]. For some biological pro-
cesses, in particular signaling pathways, where there is a large
degree of spatial organization, these assumptions may break
down because every bimolecular process requires diffusion of
two molecules whose collision, if successful, leads to signal
propagation. Therefore, the transients of a bimolecular signaling
process depend generally on the kinetic as well as the diffusive
properties of the reacting proteins [2,11–13].

Partial differential equations (PDEs) are a conventional tool
for incorporating the effect of diffusion in reacting systems.
PDEs have been used to represent receptor–ligand dynamics
[14,15] and some intracellular signaling processes [16–18].
Furthermore, the diffusion and Smoluchowski equations have
been used to study diffusion-aspects of synaptic transmission
[19–24]. PDEs have also been used to represent signaling
processes in the plasma membrane [25–27]. Extensive research
efforts have utilized PDE models for analyzing ligand–receptor
interactions; see [14,15,28–41] and references therein. Similar
treatments are more difficult for capturing transient receptor–
receptor interactions, e.g., the bimolecular reaction between A
and B can lead to different behaviors depending on the
diffusivity of the higher density reactant [42]. This is because
tracking the transient evolution of bimolecular reactions with
reactants is, in general, a many-body problem [43]. There is a lot
of research in this area; see references in [44–46]. Most of these
efforts are based on the Smoluchowski [47,48] and Collins–
Kimball [49] approaches. Our intent here is not to review these
efforts; however, we want to point out that an exact relation
between the effective reaction rate constant and diffusivity is
difficult to obtain for a general two-dimensional bimolecular
reaction, especially if one is interested in the transient behavior
of the system. In passing, we should remark that Cahn–Hilliard
and Allen–Cahn PDE formalisms, based on a free energy
factional, are often used to study phase separation [50]. Finally,
stochastic PDEs, such as the Langevin equation, are also used to
capture the effect of noise in spatiotemporal dynamics.
However, these may run in difficulties when the number of
copies of proteins is small. In addition, analytical, simple
solutions that could be easily used to compare to experimental
data do not usually exist. A brief overview of continuum
equations can be found in [51]. In this paper, we use the
simplest, analytical results for the effective reaction rate
constant from the standard diffusion equation (second Fick's
law) [14,52] with reaction between proteins as a boundary
condition (see Methods below).

Kinetic or dynamic Monte Carlo (MC) based spatial
modeling is an attractive choice for modeling cell surface
receptor dynamics because its computational implementation
can explicitly consider (1) the creation of a spatially non-
random distribution of proteins due to bimolecular reactions, (2)
the spatial heterogeneity in the plasma membrane due to
microdomains, and (3) the noise and the correlations resulting
from a small number of copies of activated receptors. These
factors are explained in detail in the next section. Another
stochastic approach is based on Brownian motion (off lattice
dynamics) followed by reactions [53–64]. Such studies have
recently been used for bimolecular processes in the plasma
membrane [65]. However, in this work we will consider only a
spatial (lattice) kinetic MC model.

The importance of spatial MC modeling has recently been
emphasized in several reviews [13,66,67]. Despite the existence
of several spatial MC algorithms [66,68–74], the majority of
MC studies have been carried out under well-mixed conditions
[1,75–79]. The assumption of well-mixed condition may be
justified in some biological systems, whereas for others, spatial
modeling may be necessary. Currently, there is lack of a criterion
which can be used to assess the need for spatial modeling for a
biological system of interest, specifically bimolecular processes
in the plasma membrane. Furthermore, only a few studies have
emphasized the necessity of stochastic spatial modeling over
deterministic spatial modeling for biological systems [66,67,69].

Herein, we assess the validity of a dimensionless number,
known as the Damköhler number (Da), as a criterion to
determine the importance of spatial effects of the membrane
proteins on cellular signaling pathways. Furthermore, we show
that the effective reaction rate changes with time due to the
changes in the spatial organization of receptors. As a result, we
demonstrate that the transient effective reaction rate constant of
a bimolecular activation cannot be accurately captured by
simple PDEs, resulting in more than one order of magnitude
difference from that of MC. In biological networks, stochasti-
city (or noise) adds another dimension to complexity [80,81]. In
the final part of this work, the effect of diffusion on noise is
explored using a simple reaction network.

2. Features motivating the use of spatial MC methods

2.1. Reaction-induced spatial non-random distribution in
receptor density

An initial random distribution of receptors can change into a
non-random distribution due to receptor dimerization. The
creation of depletion zones at steady state in receptor–receptor
reactions has been discussed nicely in the past [69]. These
authors showed that at steady state the effective kinetic rate
constants of a PDE and a spatial MC model can differ by a
factor of ∼1–4. However, their study did not consider the
transient variations in the distribution of receptors. Changes in
distribution require a better understanding and characterization
to capture the signaling receptor dynamics as well as in
extracting information from experimental data.

2.2. Microenvironment heterogeneities

Recent experimental studies [82–85] suggest that under-
standing the dynamics and regulation of signaling pathways
requires an analysis of the spatial features of the plasma
membrane. Considering the advances in our knowledge about
various spatial features of the plasma membrane [85–88], the
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Fig. 1. Reaction network used to analyze the effect of diffusion on noise in the
concentration of signaling proteins (reaction system 3). Ligand bound dimerized
receptor can form either by dimerization (reaction 1) between ligand bound
monomer receptors or by sequential ligand binding on predimerized receptors
(reactions 2 and 3). Only the first reaction path of product formation depends on
receptor diffusion.
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analysis of cellular signaling should include an accurate
representation of the plasma membrane microdomains. In this
study, we focus on the influence of plasma membrane
heterogeneities on the dimerization of epidermal growth factor
(EGF) receptor (EGFR). The two types of experimentally
reported heterogeneities for EGFR in the plasma membrane are
variations in receptor mobility [89] and in density due to
localization [88,90,91]. The representation of such spatial
features is easy in a spatial MC framework, especially when
multiple microdomains are simultaneously considered. Also,
non-random (directed) motion of receptors in the plasma
membrane, as shown by [92], can be conveniently modeled
using a spatial MC framework (these last two tasks are not
considered in this study).

2.3. Characterization of noise

In addition to capturing transients of the activation process,
the characterization of noise is important for biological
signaling processes owing to the involvement of a small
number of copies of signaling proteins [1,10,75,93]. Several
studies have analyzed the role of stochasticity using well mixed,
models (see references in [94]). However, fewer studies [36,95–
98] have discussed the dependence of noise on the diffusion
characteristics of a signaling network; see reviews [13,67].
Herein, using a simple signaling network, we show that
diffusion can influence the noise characteristics of a signaling
network.

3. Methods

3.1. Reaction systems

In the first part of this work an irreversible dimerization
reaction

Aþ BY
kf
AB ðreaction system 1Þ

is used to understand the transient changes in the spatial
organization of receptors during dimerization. Based on this
understanding, in the second part of this work a reversible
dimerization reaction

Aþ B±
kf

kb
AB ðreaction system 2Þ

is analyzed to assess the influence of various spatial hetero-
geneities of the plasma membrane. In this work, we have
analyzed heterodimerization, i.e., dimerization between two
different receptor types or between a ligand bound and ligand
free receptor. Although, the present analysis is carried out for a
heterodimerization reaction, similar concepts are also applicable
to homodimerization of receptors.

Finally, to illustrate the effect of diffusion on noise, we
consider a simple but more complex system than a simple
dimerization reaction as shown in Fig. 1 (reaction system 3).
The main reason for selecting this reaction network is its
redundancy in that the ligand bound dimerized receptor can
form along two reaction paths, only one of which depends on
receptor diffusion. Hence, variations in diffusivity can alter
the relative signaling flux between the two routes. The
variation in diffusivity in the simple dimerization network
only changes the time scale of the system leaving the relative
concentrations of signaling proteins unchanged. This reaction
network is similar to the EGF–EGFR system, as shown in
[99].

3.2. ODE model

The ODE model entails the deterministic dynamic mass
balance equations for each of the species using mass action
kinetics for the forward and backward (if one is included)
reactions. The following equation represents the dynamic mass
balance corresponding to reaction system 1

−
dhA
dt

¼ kfhAhB; ð1Þ

where t is time, θ represents the number of receptors per site or
fraction of occupied lattice sites by each receptor, and kf is the
macroscopic reaction rate constant with units of [(receptors/
site)−1 s−1]. The ODE model is solved using MATLAB.
3.3. PDE models

In this work, the effective kinetic rate constants obtained
from a steady state [14] and a transient [52] PDE (the simple
diffusion equation) have been used in an ODE model to track
the transient evolution of proteins. We leave more complicated
analytical treatments, such as those in [44], mainly because they
are unavailable for complex systems involving hundreds of
proteins in signaling networks [100]. These earlier PDE based
approaches consider dimerization in 2D and assume diffusion of
molecules B towards stationary molecules A with a diffusivity
that is the sum of the diffusivities of A and B (see references in
[69]). Lauffenburger and Linderman [14] derived an expression
for the effective kinetic rate constant (kPDE) given as

kPDE ¼ 2pDABkAreal
2pDAB þ kAreallnðb=sÞ ¼

4pDABkAreal
4pDAB þ kArealln 1=pqAs2ð Þ ;

ð2Þ



Table 1
List of microscopic events and expressions to calculate the transition rates

Microscopic event Transition rate

Diffusion
CdiYj ¼

1
4
Cdrið1−rjÞ; jaBi;

– σi is the occupancy (discrete) function that is 1, if
site i is filled, and 0, if site i is empty (a single index
indicating the site is used to simplify notation).
– Cd ¼ D

a2 , where a is the microscopic lattice pixel
dimension taken equal to the encounter radius
(a= s=2 nm, i.e., the pixel dimensions of the
microscopic lattice are set such that receptors that
are first nearest neighbors can react), and D is the
diffusivity of a receptor.
– Bi denotes the set of sites to which diffusion from
site i can occur. In our model, this set includes all 4
first-nearest neighboring sites.

Dimerization reaction
(A+B→AB) Cr

iYj ¼
kf
4
rirj

– kf is the macroscopic reaction rate constant with
units as [(receptors/site)−1 s−1].

Decomposition reaction
(AB→A+B)

Γi
r =kbσi

– kb is the macroscopic reaction rate constant with
units as [s−1].

197K. Mayawala et al. / Biophysical Chemistry 121 (2006) 194–208
whereDAB=DA+DB,DA andDB are the diffusivities of A and B,
respectively, ρA is the density of molecules of A (number of
molecules per unit area), b ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi

1=pqA
p

is one-half of the mean
distance between molecules of A distributed in a certain area,
kAreal is the intrinsic reaction rate constant in units of (receptors/
area)−1 s−1, and s (s=2 nm in this work) is the encounter radius.
kAreal and k [(receptors/site)−1 s−1], used in the hybrid null-
event MC algorithm discussed below, are related using the
encounter radius (see Table 1), as follows

kAreal ¼ ks2: ð3Þ

The diffusion-limited reaction rate constant, kDiffusion, can be
extracted from Eq. (2) by comparing it with the following
expression [14] based on the resistance in series model

kPDE ¼ 1
kAreal

þ 1
kDiffusion

� �−1

ð4Þ

yielding

kDiffusion ¼ 4pDAB

ln 1=pqAs2ð Þ : ð5Þ

Note that Eq. (2) has been derived by solving the quasi-steady
state diffusion equation. However, as time progresses, b varies
because the number of molecules of A, and hence ρA, decreases
due to reaction.

Torney and McConnell [52] considered a transient model
and derived the following expression for the diffusion-limited
case at long times

kDiffusionf
4pDAB

ln 4DABt=s2ð Þ−1:2 : ð6Þ
By analogy with Eq. (4), the effective reaction rate constant can
be approximated using the resistances in series model

kPDE ¼ 4pDABkAreal
4pDAB þ kAreal½lnð4DABt=s2Þ−1:2� : ð7Þ

As a note, Eq. (7) cannot be used at short times, t≤ t⁎

(t⁎=0.83s2 /DAB) because kDiffusion becomes negative. This
occurs because Eq. (6) is an approximate expression derived by
neglecting some terms [52]. Using the expression of kPDE (Eqs.
(2) or (7)) in an ODE model, the time evolution of the system
can be traced, e.g., for the reaction system 1, kPDE is used in
place of kf in Eq. (1).

These PDE models assume that the diffusion fields of
individual receptors do not overlap, i.e., the distribution of
receptors around each sink is not influenced by the presence of
other sinks. This assumption is valid only for sufficiently low
densities of receptors. An additional assumption in the approach
of Lauffenburger and Linderman [14] is the quasi-steady state.
These assumptions may cause deviations when used for the
calculation of the rate constant under transient conditions.
Additionally, unequal densities of dimerizing species are not
considered in Eqs. (2) and (7) and may lead to difficulties, such
as the calculation of ‘b’ in Eq. (2). Finally, continuum models do
not account for the discrete representation of receptors.
However, as shown below, PDE based models can be used to
get an order of magnitude estimation of the effective reaction
rate constant.

3.4. Hybrid null-event MC algorithm

The spatial MC simulations were performed by implement-
ing a hybrid null-event MC algorithm using FORTRAN 90. The
algorithm uses an efficient selection strategy by picking
occupied sites only, and an easily programmable null-event
MC algorithm [71]. The algorithm is briefly explained below;
for details see [71].

The spatial domain is represented using a 2D square lattice.
The lattice is initially randomly populated with a given density
of receptors. Periodic boundary conditions are employed, which
are adequate for the entire plasma membrane [101]. After
initialization, an occupied site is randomly picked and one of the
microscopic events (diffusion, forward or backward reaction) is
selected to possibly occur, based on probabilities calculated
below.

Table 1 lists the transition rates, Γi
x, of all the microscopic

events in our simple dimerization reaction system at a selected
site i, where ‘x’ denotes an event (reaction, ‘r’ or diffusion, ‘d’).
The probability, pi

x, for a certain event is calculated as

pxi ¼
Cx
i

Cmax
; ð8Þ

where Γmax is a normalization constant. One convenient way to
define the normalization constant is

Cmax ¼ Cd þmax
X

all reaction events

Cr

( )
: ð9Þ
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For our simple model with only one dimerization reaction,

Cmax ¼ Cd þ kf þ kb; ð10Þ
where subscripts f and b refer to the forward and backward
reaction events, respectively. A random number ‘ζ’ is finally
chosen from a uniform distribution between 0 and 1. The events
are randomly ranked. The smallest value of m satisfying the
following criterion is chosen

Xm
x¼1

pxi Nf: ð11Þ

If there is no value of m satisfying the above criterion, then
no event is selected to occur (a null-event) and a new occupied
site is again randomly picked. Otherwise, the mth event is
selected, the populations on the lattice are updated accordingly
to reflect the reaction or diffusion process, and the real time is
advanced as suggested by [71]. In our simulations, the real time
is advanced based on the diffusion of receptors according to
which the average time step after each successful diffusion
event is calculated as (for notation see Table 1)

Dt ¼ 1
1
4C

d
X

occupied sites

X
jaBi

ð1−rjÞ
 !

: ð12Þ

The independence of results on lattice size is shown in the
Appendix.

3.5. Calculation of effective kinetic rate constant from MC
simulations

The slope of the coverage (θi=Sites occupied by i
th species /

Total sites)–time profile of the reactant (A or B) obtained from
the spatial MC simulations was used to calculate the effective
rate as follows

kSpatialMC ¼ −
Slope
hAhB

: ð13Þ

The coverage–time profile used is the mean of a given
number of simulations that is mentioned in the figure captions.

3.6. Effectiveness factor

The effectiveness factor shows the reduction of the actual
reaction rate of a spatial model due to the effect of diffusion.
Since in a well-mixed system there are no diffusion limitations,
the reaction rate in the well-mixed model is the maximum
reaction rate. Thus, the deviation of the rate of a spatial model
from that of the ODE-based model provides a convenient way
to compute the effectiveness factor

g ¼ Reaction rate from spatial model
Reaction rate from well�mixed model

: ð14Þ
In this work, the reaction rate in the denominator is
easily calculated as kfθAθB, using the global mean-field
approximation.

3.7. Damköhler number (Da)

The effectiveness factor is calculated at different times for
several values of the intrinsic reaction rate constant (k) and
diffusivity (D). The various combinations of k and D can be
summarized in terms of a dimensionless number, known as
the second Da number, which is traditionally defined as the
ratio of the time scales of diffusion and reaction [102]. For the
dimerization reaction, we have defined the second Da number
(we have dropped the prefix ‘second’ for simplicity in later
discussions) in a modified way as the ratio of the time scales
of collision and reaction events. The collision time, instead of
diffusion time, not only considers the time scale for jumping
from one site to the next but also the density of receptors. For
a dimerization reaction event to happen, the two reacting
receptors should first collide, i.e., brought in contact by
diffusion, and then react. As the density of receptors
decreases, the average distance between receptors increases
and so does the time for collision. Essentially, the Da number
compares the time needed to bring together the reacting
species (for collision) and the time needed for reaction after
they collide.

Calculation of the Da number requires knowledge of the
distribution of distances between receptors at each instance, a
task demanding a spatial MC simulation. In order to make this a
simple and useful criterion, the global mean-field approxima-
tion has been invoked in estimating the Da number. This
assumption makes the computation of Da number possible
using macroscopically available parameters, such as the
reaction rate constant and diffusivity. In the limit of low
concentration, the areal collision rate, ΓMF-collision

Areal , i.e., the
number of collisions per unit time per unit area, is given by [52]

CAreal
MF�collision ¼ 4DABqAqB; ð15Þ

where ρA and ρB are areal number densities (number of
receptors per unit area) of A and B, and DAB is sum of the
diffusivities of A and B. By introducing the coverage, θ, of each
species, Eq. (15) can be written as

CMF�collision ¼ 4DAB

s2

� �
hAhB ¼ CdABhAhB; ð16Þ

where ΓAB
d =4DAB / s

2 is the total transition rate of diffusion in
all four directions on the square lattice and the rate of
collision, ΓMF-collision, is calculated per unit site. In the well-
mixed model, diffusion is assumed to be infinitely fast. Thus,
the dimerization rate is purely controlled by the intrinsic speed
of the chemistry, kf, and the coverages of receptors as written
below

Cr
MF�ODE ¼ kfhAhB: ð17Þ

The units of ΓMF-ODE
r are number of reaction events per unit

time per lattice site.



0

0.2

0.4

0.6

0.8

1

0.01 0.015 0.02 0.025

Da = 0.025

Da = 0.25

Da= 2.5

Da = 25

Time

Da

Coverage of A (=B)

E
ffe

ct
iv

en
es

s 
fa

ct
or

A Bo o
θ = θ = 0.02

0

0.2

0.4

0.6

0.8

1

0.05 0.1 0.15 0.2

Da = 0.025

Da = 0.25

Da = 2.5

Da = 25
Time

Da

E
ffe

ct
iv

en
es

s 
fa

ct
or

Coverage of A (=B)

A Bo o
θ = θ 

 
= 0.2

0.4

0.6

0.8

1

Da = 0.025

Da

ct
iv

en
es

s 
fa

ct
or

θ = 0.02; = 0.38θ 
ooA B

(a)

(b)

(c)

199K. Mayawala et al. / Biophysical Chemistry 121 (2006) 194–208
Since Eqs. (16) and (17) show the same functional form, the
ratio of time scales is independent of the coverage and can be
written as

Da ¼ Time scale of collision event
Time scale of reaction event

¼ Cr
MF�ODE

CMF�collision

¼ kf

CdAB
¼ kf s2

4DAB
¼ kf ;Areal

4DAB
: ð18Þ

4. Results and discussion

4.1. Reaction-induced spatial correlations in receptor density

4.1.1. Comparison of spatial MC with continuum (ODEs and
PDEs) models

Fig. 2 compares the transient coverage profiles of A (=B)
during the irreversible dimerization reaction (reaction system 1)
obtained using ODE, PDEs (Eqs. (2) and (7)), and spatial MC
models for an initial coverage of θAo

=θBo
=0.2 and Da=25. The

curve corresponding to the transient model of [52] starts at time
t⁎ because kDiffusion becomes negative for tb t⁎, as explained
earlier in the Methods section. The coverage of A decays faster
in the ODE model because of the lack of diffusion limitations.
The difference between the ODE and the spatial models (in
particular the spatial MC model) is less at very short times;
however, it becomes more profound as reaction progresses. The
PDE models also differ from the spatial MC model.
Interestingly, the initial rate of decay of A is faster in the spatial
MC as compared to the PDE model; however, the differences
are not as dramatic at longer times.

These observations indicate that the effect of diffusion on
reaction rate varies possibly with time. To further understand the
effect of diffusion, we computed the effectiveness factor, a
quantity that is more related to signaling, using our spatial MC
model. Fig. 3 shows the transient effectiveness factor as a
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Fig. 2. Comparison of transient coverage profiles of A (=B) for Da=25 obtained
using various models. The curve corresponding to the transient model of Torney
and McConnell starts later due to the limitation of Eq. (7) that yields negative
values at short times, t≤ t⁎.
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ofDa number in the range 0.025–25 for three different initial receptor coverages
(subscript o denotes initial conditions): 0.002, 0.02, 0.2. Curves represent mean
and error bars represent 2 standard deviations of 30 simulations with different
random number seeds.
function of coverage (note that decreasing coverage corre-
sponds to increasing time) for three different initial densities of
A and B and four values of the Da number in the range of
0.025–25. A sufficiently small Da number (e.g., Da=0.025)
indicates that diffusion is fast; as a result, an ODE model may be
adequate to compute the effective reaction rate (when
stochasticity may be neglected). Fig. 3 shows that diffusion
limitations can significantly affect the effective signaling rate
(see curves corresponding to Da ≥0.25). An important point to
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realize from the transient effectiveness factor curves is that the
effect of diffusion on reaction rate becomes more profound as
time progresses. Based on Fig. 3, spatial modeling is needed for
Da N∼0.1. We tested this criterion over a wide range of
densities of 100–100,000 receptors/μm2, i.e., θ=0.0004–0.4
(comparisons at lower densities are not shown), which are
representative of the density of many types of receptors in the
plasma membrane.

The results of Fig. 3 underscore the relevant time scales
requiring spatial modeling. In order to assess how well PDE
models can describe spatial features, Fig. 4(a) and (b) compare
the spatial MC dimerization rate constant with the two PDE-
based rate constants. The three regions in each figure compare
the effective rate constant for a fixed value of Da number (2.5
and 25 in Fig. 4(a) and (b), respectively) corresponding to three
initial coverage values (0.002, 0.02, 0.2). These simulations
start at t=0 with a spatially random distribution of receptors; a
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decrease in coverage represents time evolution. While the
differences in coverages shown in Fig. 2 between various
models are not dramatic, there is profound difference in
effective rate constants between the spatial MC and PDE
models. In particular, the quasi-steady state model of [14]
follows a continuous response that is independent of initial
coverage. On the other hand, the other models show a family of
solutions that depend on the initial coverage (spatial MC) or
time elapsed (transient model). Deviations up to two orders of
magnitude between the spatial MC and the PDE models are
observed. The deviations in Fig. 4 are due to the transient
variations in the distribution of the receptors that are not
accounted for by the PDE models. These variations are explored
in detail in the next section.

Our simulations suggest that PDE models perform worse at
higher receptor densities. At first, this observation seems
counterintuitive because higher receptor density suggests short
distances to diffuse rendering spatial effects less important.
However, at higher receptor densities the assumption of non-
overlapping diffusion fields breaks down. The transient model
of [52] behaves well at short times for sufficiently dilute
systems but deviations are observed at longer times due to
spatial correlations encountered in the MC model.

An interesting observation from the simulation results is that
for the same k, D and instantaneous coverage, different effective
kinetic constants can be deduced (at different time instants)
depending on the initial coverage of the receptors (Fig. 4(a) and
(b)). The dependence of effective kinetic rate constant on time
and initial coverage can have two important implications with
respect to: (1) biological control and (2) estimation of the
dimerization rate constant from experiments. The simulations
show that the effective transient signaling rate constant depends
on the initial local density of the receptors. Experimental studies
have suggested localization of receptors in various microdo-
mains in the plasma membrane [103]. Our simulations show
that localization can help in maintaining a high effective
dimerization rate constant, as shown in Fig. 3. The decay of
effective reaction rate constant with coverage (time) at lower
local density (Fig. 3(a)) occurs faster than at higher receptor
density (Fig. 3(b) and (c)). This dependence is briefly discussed
later in Section 4.3. The decrease of the effective kinetic rate
constant with time (at lower density during later phases of
dimerization) may also help in suppression of low, noisy signals
which can develop in late phases of signaling.

The above discussed observation has important implica-
tions for understanding experimental data involving interpre-
tation of receptor dimerization following an extracellular
signal, e.g., ligand binding. To obtain the dimerization rate
constant from experiments, one should keep in mind that the
effective dimerization rate constant changes with time (or
density of receptors). Therefore, estimation of kinetic para-
meters from the experimental data should not be done based
only on an instantaneous average receptor density. Instead, a
spatial MC model, based on the initial receptor density,
diffusion constant and time after stimulation should be
considered in data interpretation. Future studies will explore
these issues.
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4.1.2. Spatially non-random distribution of receptors during
dimerization

Fickian diffusion of receptors leads to an environment where
the receptors are distributed randomly. On the contrary,
bimolecular reactions, e.g., dimerization, consume monomer
receptors creating regions that have a low number of monomer
receptors in the plasma membrane. As a result, there are local
depletion zones [69]. These two mechanisms work in
opposition. The relative speeds of diffusion and intrinsic
reaction dictate whether or not the receptors are distributed
randomly. To understand the spatial distribution of receptors in
the presence of a dimerization reaction, we simulated the
prototype, irreversible dimerization reaction between A and B
(reaction system 1) for different initial coverages of A and B and
various values of reaction rate constants and diffusivities.

We used the product θAθB/A as a measure of the spatial
correlations of the receptors, where θB/A is the conditional
probability of having a first-nearest neighboring site occupied
by B given that the central site is occupied by A. Specifically,
it is

hB=A¼ Nð1; tÞBYA

Total sites around free A at the first� nearest neighbor location
;

ð19Þ
where at a particular time, t, N(1, t)B→A is the total number of
free (not dimerized) molecules of B at the first nearest
neighbor location around all free molecules of A. For a square
lattice, the denominator is 4 times the total number of free
molecules of A.

If surface diffusion is Fickian and fast enough to homogenize
the receptors, then the occupation of a site by receptor B is
independent of A, giving θAθB/A=θAθB [104]. Under such
conditions, the dynamics can be described using the ODE
model. Fig. 5 compares MC results for θAθB/A vs. θAθB/A for
three different initial densities of A and B and four values of the
Da number in the range of 0.025–25. In Fig. 5, the reduction in
coverage implies time evolution.

In our simulations, receptors are initially randomly distrib-
uted on the plasma membrane. Such a distribution results in
some AB pairs in close proximity at t=0 depending on the
receptor density (this may not be true at very low receptor
densities). Consequently, all curves start from the top-right
corner of Fig. 5, close to the θAθB/A=θAθB line. The
resemblance of Figs. 3 and 5 indicates that the reduction in
the effectiveness factor with increasing time is due to changes in
the distribution of receptors.

For lowvalues of theDanumber, such as 0.025 (at the receptor
densities shown in Fig. 5), θAθB/A is equal to θAθB, representing
lack of correlations at all times as a result of diffusion being
sufficiently fast in comparison to reaction. Therefore, the
corresponding curve in Fig. 3 shows that the effectiveness factor
is 1 during the transient dimerization process.

An increase in the Da number means a decrease in the time
scale of reaction (a higher kinetic rate constant) and/or an
increase in the time scale of collisions (a lower diffusivity).
This leads to inability of diffusion to homogenize the system at
the fast rate of reaction. The result is spatial correlations as



Fig. 6. Snapshots of receptor distribution corresponding to Fig. 5(a) for (a)
Da=0.025 and (b) Da=25 taken after 40% of the receptors have been
consumed. Only monomer receptors are shown, each type in a different color.
The arrows in (a) show receptors in close proximity for reaction. The colored
oval shaped regions in (b) show areas enriched with one receptor.
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discussed recently by one of us [104]. Therefore, in Fig. 5 an
increase in the Da number leads to an increased deviation of
the θAθB/A curve from the diagonal θAθB/A=θAθB line. The
decrease in θAθB/A occurs at a smaller rate when the initial
densities of A and B are high (Fig. 5(b)) and is the least when
one of the receptors is in excess (Fig. 5(c)) because of the
presence of more AB pairs at t=0.

Snapshots of receptor distribution are shown in Fig. 6. The
two plots correspond to Fig. 5(a) for Da=0.025 and Da=25.
Fig. 6(a) shows random distribution with some pairs of A and B.
In contrast, Fig. 6(b) shows regions enriched with one receptor
type.

Fig. 7 further characterizes the transient changes in the
spatial distribution of receptors at a particular value of Da=2.5.
The horizontal axis represents the coverage that decreases with
time from right to left as dimerization proceeds. The vertical
axis is the normalized probability for finding B at the ith nearest
neighbor location around A. The normalized probability
represents the local receptor coverage normalized by the global
receptor coverage. Similar to [105], the normalized probability
is calculated as

Normalized probabilityði; tÞ ¼
Nði; tÞBYA

Nði; tÞA

� �
hB

; ð20Þ

where at a particular time, t,N(i, t)B→A is the total number of free
molecules of B at the ith nearest neighbor location around all
free molecules of A, N(i, t)A is the total number of sites at the ith

nearest neighbor location around all free molecules of A (which
for our square lattice is 4 times the total number of free
molecules of A). For a random distribution, the normalized
probability is 1 independent of location and time (horizontal
dashed line). The two curves in Fig. 7 correspond to the
normalized probability of the first and the eighth nearest
neighbor locations as a function of decreasing coverage as
dimerization proceeds. The curves show that dimerization
produces local spatial correlations by creating depletion zones.
The depletion zones represent regions where the local coverage
(first nearest neighbor curve) decreases at a faster rate as
compared to the decreases in the total coverage (eighth nearest
neighbor curve). The depletion zones lead to a lower
dimerization rate in the spatial MC model as compared to the
rate of the ODE model (which depends on the total coverage).
These results are consistent with Fig. 6.

4.2. Effect of plasma membrane spatial features on the
dimerization rates

We have shown that the effective kinetic rate constant
depends on the diffusivity and initial density of receptors. These
two features have been reported to vary in different parts of the
plasma membrane. To study the effect of plasma membrane
spatial features, we consider a reversible reaction between A and
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B representing EGFR dimerization, as shown in reaction system
2. The intrinsic kinetics of EGFR dimerization is taken in the
range 1–102 without ligand and 103–104 (molecules/site)−1 s−1

when the receptor is bound to ligand [99]. The equilibrium
constant is taken as 8×10−3 (molecules/site)−1 [99]. This value
is kept fixed to enable comparison of the transient reaction rate
with the same equilibrium concentrations. For this section, the
effectiveness factor is computed as the ratio of the net forward
rate of the spatial MC model over that of the ODE-based model
at 33% of the equilibrium dimer concentration (representing the
initial phase of dimerization process). Fig. 8 shows the
effectiveness factor vs. Da number for three initial receptor
densities, indicated in the legend. This graph allows to study the
effect of variations in receptor density and mobility on
signaling. Three heterogeneities, described below, are analyzed
in this study.

4.2.1. Variations in receptor density due to cell type
We performed simulations with various receptor expression

levels that correspond to different cell lines ranging from
overexpression, such as A-431 cells with ∼2×106 EGFR [106]
and HER82 [107] to normal expression ∼4×104–2×105

receptors/cell of EGFR, such as COS, B82, HeLa, NIH-3T3:
HER84, HER22, MCF7 and human glioma cells.

In our simulations, the lowest receptor density of 100 EGFR/
μm2 (50 molecules of A and 50 molecules B on a 1000×1000
nm lattice) represents EGFR expression in normal cells. The
next density level of 10,000 receptors/μm2 (50 molecules of A
and 50 molecules B on a 100×100 nm lattice) corresponds to
cells that overexpress EGFR, such as A-431 cells. These two
cases span the range of EGFR density in most of the cell types.
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receptor density in typical normal cells, the middle curve of localization in
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concentration profiles obtained using different random number seeds and the
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In addition, the plasma membrane expressions of several other
types of receptors, such as the G-protein coupled receptors
(GPCR), are also in similar ranges [105].

4.2.2. Variations in receptor density due to localization
Over the past decade, there have been studies that suggest

microdomains within the plasma membrane can play an
important role in cell signaling [86,87,91,108–111]. One of
the key spatial features of the membrane microdomains is that
proteins are often localized to these microdomains. Several
studies have indicated that EGFR localizes in lipid rafts or
cholesterol-rich microdomains of the plasma membrane
[91,103]. The receptors and proteins localized microdomains
in the plasma membrane have been proposed to act as signaling
platforms [91,103]. Therefore, the role of localization in
biological membranes is an issue of high interest for
understanding the cellular signaling. Further support of this
hypothesis comes from our recent study that shows an influence
of localization of EGFR within the plasma membrane on EGF–
EGFR binding characteristics [112].

4.2.3. Variations in receptor mobility
The diffusivity of EGFR has been reported in the range of

10−9–10−13 cm2/s by [113]. Recently, it has been suggested
that this range is likely due to association with cytoskeletal
membrane corals [114] or lipid rafts [115].

4.2.4. Effect spatial heterogeneity on the EGFR dimerization
rate

As expected, the lowest effectiveness factor is observed for
the dimerization of ligand bound receptors in the plasma
membrane microdomains with reduced mobility (i.e., large Da
number in Fig. 8). In cell lines with a normal density of EGFR,
diffusion limitations can significantly lower the dimerization
rate by over 2 orders of magnitude (bottom curve in Fig. 8).
Such a significant decrease is also observed for cell lines with
higher EGFR expression, such as human A-431 epidermoid
carcinoma cells (middle curve in Fig. 8). To represent
localization of EGFR on A-431 cells, we simulated a density
of 100,000 receptors/μm2 (500 molecules of A and 500
molecules B on a 50×50 lattice).

For normal cells, even a 100 fold higher density causes only
∼2–3 fold increase in the diffusion limited dimerization rates,
as shown in Fig. 8, in which a wide range of Da numbers is
considered (compare bottom and middle curves in Fig. 8). This
shows that localization is unlikely to cause a significant increase
in diffusion limited EGFR dimerization rates in normal cells,
which is in line with the suggestions of Kholodenko [116] for
intracellular localization. However, in A-431 cells, only a 10
fold higher density leads to 1–2 orders of magnitude increase in
the dimerization rate (middle and top curves in Fig. 8). This
shows that in A-431 cells, the dimerization rate is greatly
enhanced due to localization. Hence, the fraction of EGFR
localized on A-431 cells can lead to significantly faster signal
propagation. However, analysis of a detailed signaling pathway
will be required to understand the biological implication of this
observation, and will be the focus of future studies.
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Fig. 8 shows a significant influence of biophysical
characteristics over the effective dimerization dynamics
providing a level of control over almost inflexible kinetic
parameters. The plasma membrane microdomains can influ-
ence the signaling events in two ways: (1) local receptor
mobility and (2) local receptor concentration. The spatial
characteristics can alter the bimolecular reaction rates in the
plasma membrane by up to two orders of magnitude in the
initial phases of reaction.

4.3. Effect of receptor diffusion on concentration fluctuations

The effect of kinetic parameters on noise has been explored
using a well-mixed model [78]. As shown above, the effective
kinetic rate constant depends on diffusivity for Da N∼0.1. The
noise characteristics of a system are also known to depend on
the number of copies of reacting species [78,81,117,118].
Diffusion can play a significant role in controlling the effective
reaction rate constant and the transient number of copies of
various signaling proteins. Hence, diffusion could influence the
fluctuations in concentration.

In order to explore this issue, we simulate the reaction system
3, shown in Fig. 1.We assume the first reaction to occur with fast
intrinsic kinetics (k=105 site s−1). The ligand binding reactions
are simulated with kL=100 s−1, assuming a constant ligand (L)
concentration. The reaction network is simulated for two values
of diffusivities: D=2×10−13 m2/s and D=2×10−16 m2/s [113].
Initially, 40 ligand free dimers (R2) and 100 ligand bound
monomers (RL) are randomly placed on a 100×100 nm lattice.
To estimate the noise in the concentration of (RL)2, the standard
deviation of its concentration is calculated based on 9000
simulations with different random number seeds. Fig. 9 shows
the noise in the concentration of (RL)2 as a function of its
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a function of its concentration. The signaling network is shown in Fig. 1. Both
profiles were obtained for the same kinetic parameters but different values of
diffusivities for monomer receptor diffusion. The data for this figure is obtained
from 9000 runs using different random number seeds.
concentration for the same kinetic parameters but two different
diffusivities.

To understand the observed noise characteristics, we analyze
the concentration profiles of the individual proteins. The noise
characteristics of a network depend on the absolute as well as
the relative number of copies of the signaling proteins.
Therefore, the dynamic concentration profiles of various
proteins in a multicomponent system determine the transient
noise characteristics. When diffusion is fast, almost all of the
initial (RL)2 forms via the first reaction and reactions 2 and 3
play a negligible role. In contrast, when diffusion is slow, the
contributions of reactions 2 and 3 to the initial (RL)2 formation
are substantial. The different transient composition (in terms of
the number of copies of chemical species) leads to differences in
noise characteristics.

Redundancy is a common characteristic of biological
networks [119]. The overall signaling network consists of
many reactions which provide alternate routes to the same final
biological product. Past studies have reported redundancy as a
mechanism to attenuate the effect of noise in non-spatial models
[10,120,121]. Herein, we show that diffusion can influence the
relative information flow through different pathways, and
therefore can play an important role in determining the transient
noise characteristics. Thus, the different functional dependence
of redundant signaling pathways on biophysical characteristics,
such as diffusivity, provides a means of exerting control on not
only the information (or material) flow but also on the noise
characteristics associated with the flow.

5. Conclusions

In the first part of this work, we studied reaction-induced
spatial correlations in receptor density. We compared ODE,
simple PDEs and spatial MC models using simple dimerization
reaction systems in terms of transient concentration profiles and
transient effective reaction rate constants. These comparisons
reveal that the effect of diffusion on the effective reaction rate
constant becomes more profound with time. The time
dependent variations in effective reaction rate constant are
due to the changes in receptor distribution towards a non-
random distribution for high Da numbers (DaN∼0.1). These
comparisons also suggest that well-mixed models are a suitable
approach to capture the transients of bimolecular reaction in the
plasma membrane for Da b∼0.1, whereas spatial MC
simulation is an appropriate choice, otherwise. Simple PDE
models, discussed in this work, cannot accurately capture the
transient, effective reaction rate constant of dimerization
reaction under all conditions studied. However, the results
from such simple PDE models can be used as a quick
approximation of the dynamics. The dependence of effective
reaction rate constant on instantaneous receptor distribution also
has important implications for interpreting experimental data, as
discussed in Section 4.1 of Results and discussion.

The Da number criterion, assessed in this work, can provide
a simple means for deciding the modeling framework needed
for 2D biological systems, such as the plasma membrane. For
multi-component, multi-reaction signaling events in the plasma
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membrane, estimating the effect of diffusion without detailed
spatial modeling can be beneficial. Testing each bimolecular
reaction in the plasma membrane using this criterion could be an
efficient approach but further work is needed to fully understand
complex systems.

In the second part of this work, we used the spatial MC
model to explore the effect of spatial heterogeneities, such as
localization of receptors in certain regions of the plasma
membrane, e.g., lipid rafts, and reduced diffusivities in some
regions. Interestingly, our simulations show that localization
can dramatically enhance (up to two orders of magnitude) the
receptor dimerization rate in cancer cells in comparison to
normal cells. This can potentially lead to faster downstream
signaling. These results suggest that the spatial features of
the plasma membrane should be considered for a realistic
realization of the dynamics of intracellular signaling.

In the last part, we have shown that diffusion can influence
the noise characteristics of biological networks with redundancy
by changing the relative information/mass flow. Overall, this
study underscores the importance of stochastic spatial simula-
tions to model stochasticity and spatial heterogeneities of the
signaling processes when Da∼N0.1. This need may be
motivated by either the underlying biophysical (such as various
membrane heterogeneities) or biochemical (fast reaction
kinetics as compared to diffusion) characteristics of the
biological events. Furthermore, diffusion, by influencing the
relative information flow through various redundant pathways
in biological signaling networks, also affects the noise in the
number of copies of the signaling proteins.

Finally, MC spatial modeling can generate simulation data
which can be compared with data from imaging experiments,
such as single particle tracking [99], electron microscopy, FRET
and FRAP [67]. A synergistic integration of biophysical,
biochemical and imaging data in a computational framework
will require MC stochastic spatial modeling for understanding
signaling mechanisms.
Acknowledgments

This work was supported by grants from the US Department
of Energy (DE-FG02-05ER25702) and the National Science
Foundation (CTS-0312117). KM thanks Abhijit Chatterjee,
Soumitra Deshmukh and Mark Snyder for useful discussions.

Appendix A

In order to assess that the results of spatial MC simulations
are independent of the lattice size, we considered the
irreversible dimerization reaction (reaction network 1) at the
highest receptor density employed in this study. Simulations
at two different lattice sizes, shown in Fig. A1, indicate that
indeed our results are statistically independent of the lattice
size.
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